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a b s t r a c t
The paper investigates the elastoplastic buckling behavior of thick rectangular plates by
using the Differential Quadrature (DQ) method. Mindlin plate theory is adopted to take
the transverse shear effect into considerations. Both incremental theory and deformation
theory are employed. Due to thematerial non-linearity, iteration processes are involved for
obtaining solutions. Detailed methodology and procedures are derived. The elastoplastic
buckling behavior of thick rectangular plateswith ten combinations of boundary conditions
and under various loadings is studied. To verify the DQ solution procedures, DQ results
are compared with existing analytical solutions for plates with two boundaries simply
supported and the others simply supported, clamped, or free. Then the DQ method is
used to obtain solutions of rectangular thick plates with other combinations of boundary
conditions. Since no analytical solutions for such cases are available, the buckling loads
obtained by the DQ method could serve as a reference. The phenomenon reported in the
literature, namely, the deformation theory generally gives consistently lower buckling
loads than the incremental theory and large discrepancy in predictions between the two
theories exists with increasing of plate thickness. E/σ0, and c in the Ramberg–Osgood
relations, is also observed for the cases studied herein. Apart from the phenomenon
reported earlier by Durban that deformation theory predicted a progressively lower in-
plane shear modulus as the level of plasticity increased, thus predicted lower buckling
loads, another reason is given herein to explain the large discrepancy in predictions for
thicker plates with the deformation theory and incremental theory.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The elastoplastic buckling behavior of structures subjected to in-plane edge loadings has been extensively studied in the
past decades analytically [1–9] and numerically [10,11]. It is noticed that differences indeed exist in critical loads predicted
by employing the incremental theory and deformation theory, and it may be safely argued that critical loads predicted with
J2 deformation theory are in reasonably good agreement with limited experimental data [3]. In an elastoplastic buckling
of annular plates in pure shear by Ore and Durban [4], it is found that deformation theory predicts progressively lower
in-plane shear modulus than the incremental theory as the level of plasticity increases, thus predicting critical loads
considerably lower than the predictions with incremental theory. Furthermore, the predictions with deformation theory
agree well with experimental results for different metals. In a plastic buckling analysis of thin metal rectangular plates
under biaxial compression/tension by Durban and Zuckerman [7], it is observed that there exists an optimal loading path
for the deformation theory. By contrast, however, no similar optimal loading path exists for the incremental theory. When
the plate thickness to length ratio is greater than 1/20, a shear deformable plate theory, such as Mindlin plate theory,
has to be employed so as to admit the significant effect of transverse shear deformation. Extensive plastic buckling stress
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Fig. 1. Sketch of a rectangular plate under biaxial edge loadings.
factors obtained by using the incremental and deformation theories are tabulated for square and circular thick plates under
uniaxial/biaxial compressions [8]. Comparing the results obtained by using the two plasticity theories also reveals that not
only does the deformation theory generally give consistently lower buckling loads than the incremental theory, but there is
also large discrepancy in predictions between two theories with increasing of the plate thickness, ratio of elastic modulus
to nominal yield stress (E/σ0), and power c in the Ramberg–Osgood relation. Excellent reviews on the development of this
subject are given by Durban [3] and Rhodes [12]. It is seen that the controversy surrounding the plastic buckling paradox has
not been completely resolved yet; thus, the plastic buckling is still a lively subject of theoretical, numerical and experimental
investigations [3].
Due to the complicated mathematical structure for analyzing the elastoplastic buckling of plates with general
combinations of boundary conditions, analytical solutions are only available [8] for thick rectangular plates with two
opposite boundaries simply supported and the others simply supported, clamped, or free. Therefore, approximate
continuum or numerical methods have to be resorted to for obtaining the plastic buckling loads of thick plates with general
combinations of boundary conditions. With the help of high-speed computers approximate continuum methods such as
the Rayleigh–Ritz method [9] and numerical methods such as the finite element method and finite difference method are
widely used. The differential quadrature (DQ)method, proposed by Bellman and Casti [13] in 1971, is a numerical technique
for the solution of initial and boundary value problems. Since the method was first used by Bert and his co-workers to solve
structural mechanics problems in 1988 [14], the DQ method has been utilized successfully for analyzing a variety of linear
and nonlinear structuralmechanics problems [15–24]. The DQmethod is used to solve the elastic buckling problem of plates
with various combinations of boundary conditions and uniformly or non-uniformly distributed edge loadings [18–21], the
elastoplastic buckling problem of thin rectangular plates under biaxial loadings [11], and the challenging problem of free
vibration of curvilinear quadrilateral plates [22]. It is found that the DQ method possesses several favorable features such
as ease of use, being computationally efficient and highly accurate. The DQ formulations can be further simplified if the
Hadamard and SJT product of matrices, introduced by Chen [17,23,24], are used. Besides, the computational effort can be
further reduced by employing the SJT product of matrices if the Newton–Raphson method is to be used for solving the
resultant DQ nonlinear equations. Recently, Chu presented a simple direct matrix method, equivalent to Chen’s special
matrix product approach [24] mathematically, for analytically computing the Jacobian of nonlinear algebraic equations
that arise from the discretization of nonlinear differential equations [25]. The developed strategy of special matrix by Chen
et al. [17,23,24] and Chu [25] can make the DQ method even more computationally efficient.
In view of the facts that analytical solutions of the elastoplastic buckling of thick rectangular plates under biaxial
distributed in-plane loadings are only available for plates with two opposite boundaries simply supported and the others
simply supported, clamped, or free, the DQ method is to be used for the elastoplastic buckling analysis of thick rectangular
plates with other combinations of boundary conditions. Both the J2 deformation theory and incremental theory are
considered. Formulations and procedures are worked out in detail. DQ results are first compared with existing analytical
solutions [8] to verify the formulations and procedures as well as the written programs. Extensive buckling stress factors
for thick rectangular plates with ten combinations of boundary conditions, various plate thickness, E/σ0, and c in the
Ramberg–Osgood relation are presented. The possible reason will be given if a large discrepancy exists in the predictions
of buckling loads with the incremental theory and deformation theory. Some conclusions are drawn based on the results
presented herein.
2. Governing differential equations
Consider an elastically isotropic rectangular plate schematically shown in Fig. 1. The dimensions of the plate are of lengths
a and b, and of uniform thickness h. The plate is subjected to uniform compressive stresses of magnitudes σ1 and σ2 in the
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x- and y- direction, respectively. The theoretical developments, similar to the ones given by Wang et al. [8], are briefly
presented in this section for completeness. According to theMindlin plate theory [26], the admissible velocity field iswritten
by
vx = zφx; vy = zφy; vz = w (1)
where φx and φy are the rotation rates about the y- and x-axes, andw is the transverse velocity, respectively.
The strain rates corresponding to the admissible velocity field are given by
·
εxx = z ∂φx
∂x
; ·εyy = z ∂φy
∂y
·
γ xy = z

∂φx
∂y
+ ∂φy
∂x

; ·γ xz = φx + ∂w
∂x
; ·γ yz = φy + ∂w
∂y
(2)
where
·
εxx,
·
εyy,
·
γ xy,
·
γ xz,
·
γ yz are the strain rate components, and the over dot denotes the differentiation with respect to a
time-like parameter. The rate form of constitutive equations in plane stress can be written as:
·
σ xx = E(α ·εxx + β ·εyy); ·σ yy = E(β ·εxx + γ ·εyy)
·
τ xy = G
·
γ xy; ·τ xz = κ2G
·
γ xz; ·τ yz = κ2G
·
γ yz (3)
where E and G are the elastic modulus and the effective shear modulus, and κ2 is the Mindlin shear correction factor to
compensate for the error in assuming a constant shear stress though the plate thickness. The expressions of α, β, γ and the
effective shear modulus are to be determined by the plasticity theories. Two plasticity theories are employed, namely, the
incremental theory with the Prandtl–Reuss constitutive equation and the deformation theory with the Hencky constitutive
equation.
The incremental theory with Prandtl–Reuss constitutive equation, denoted by IT for simplicity, is given by
E
·
εij = (1+ v)
·
S ij + 1− 2v3
·
σ kkδij + 3
·
σ e
2σe

E
T
− 1

Sij (4)
where Sij is the deviatoric stress tensor, T is the tangential Young’s modulus determined by the uniaxial stress–strain curve,
and σe is the effective stress, respectively. T and σe are defined by
T = dσe/dεe (5)
σ 2e = σ 2x − σxσy + σ 2y + 3τ 2xy (6)
where εe is the total effective strain. Since the plate is under uniform compressive stresses of magnitudes σ1 and σ2 in the
x- and y- direction, thus
σx = −σ1; σy = −σ2; τxy = 0. (7)
The constitutive equation, Eq. (4), becomes
T
·
εx =
[
1− 3
4

1− T
E

σ 22
σ 2e
]
·
σ x −
[
1
2
− 1− 2v
2
T
E
− 3
4

1− T
E

σ1σ2
σ 2e
]
·
σ y
T
·
εy =
[
1− 3
4

1− T
E

σ 21
σ 2e
]
·
σ y −
[
1
2
− 1− 2v
2
T
E
− 3
4

1− T
E

σ1σ2
σ 2e
]
·
σ x (8)
E
·
εxy = (1+ v) ·τ xy.
After some manipulation, the expressions of α, β, γ and the shear modulus G in the rate form of Eq. (3) can be obtained,
α = 1
ρ
[
4− 3

1− T
E

σ 21
σ 2e
]
β = 1
ρ
[
2− 2(1− 2v)T
E
− 3

1− T
E

σ1σ2
σ 2e
]
γ = 1
ρ
[
4− 3

1− T
E

σ 22
σ 2e
]
(9)
ρ = (5− 4v)− (1− 2v)2 T
E
− 3(1− 2v)

1− T
E

σ1σ2
σ 2e
E
G
= 2(1+ v).
Note that Eq. (9) is the re-derived one, since there is a misprint in [8].
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The rate form of the deformation theory with Hencky constitutive equation, similar to Eq. (4) in form and denoted by DT,
is given by
E
·
εij =

3E
2S
− 1− 2v
2
 ·
S ij + 1− 2v3
·
σ kkδij + 3
·
σ e
2σe

E
T
− E
S

Sij (10)
where S, the secant Young’smodulus, is determined by the uniaxial stress–strain curve and equals toσe/εe. Following similar
procedures to Eq. (8) yields [8]
T
·
εx =
[
1− 3
4

1− T
S

σ 22
σ 2e
]
·
σ x −
[
1
2
− 1− 2v
2
T
E
− 3
4

1− T
S

σ1σ2
σ 2e
]
·
σ y
T
·
εy =
[
1− 3
4

1− T
S

σ 21
σ 2e
]
·
σ y −
[
1
2
− 1− 2v
2
T
E
− 3
4

1− T
S

σ1σ2
σ 2e
]
·
σ x (11)
E
·
εxy =

3E
2S
− 1− 2v
2

·
τ xy.
After some manipulation, the expressions of α, β, γ and the shear modulus G in the rate form of Eq. (3) can be obtained,
α = 1
ρ
[
4− 3

1− T
S

σ 21
σ 2e
]
β = 1
ρ
[
2− 2(1− 2v)T
E
− 3

1− T
S

σ1σ2
σ 2e
]
γ = 1
ρ
[
4− 3

1− T
S

σ 22
σ 2e
]
(12)
ρ = 3E
S
+ (1− 2v)
[
2− (1− 2v)T
E
− 3

1− T
S

σ1σ2
σ 2e
]
E
G
= 2+ 2v + 3

E
S
− 1

.
Note that by setting the secant modulus S in Eq. (12) to be the elastic modulus, namely, S = E, the expressions of α, β, γ
and ρ in DT are exactly the same as those in IT.
For simplicity, assume that no unloading occurs at the instant of the plastic buckling. Thus, the governing differential
equations are
κ2Gh

∂φx
∂x
+ ∂φy
∂y
+∇2w

= σ1h∂
2w
∂x2
+ σ2h∂
2w
∂y2
(13)
∂
∂x

αEh3
12
∂φx
∂x
+ βEh
3
12
∂φy
∂y

+ ∂
∂y
[
Gh3
12

∂φx
∂y
+ ∂φy
∂x
]
− κ2Gh

φx + ∂w
∂x

= 0 (14)
∂
∂y

γ Eh3
12
∂φy
∂y
+ βEh
3
12
∂φx
∂x

+ ∂
∂x
[
Gh3
12

∂φx
∂y
+ ∂φy
∂x
]
− κ2Gh

φy + ∂w
∂y

= 0. (15)
If the tangent modulus and the secant modulus at the point of bifurcation are the same as the elastic modulus, i.e. T =
S = E, one obtains
α = γ = 1
1− v2 , β =
v
1− v2 . (16)
Then, Eqs. (13)–(15) reduce to thewell-known governing differential equations for elastic buckling ofMindlin plates [27,28].
For rectangular Mindlin plates considered in this paper, the boundary conditions are
(a) Simply supported (S)
w(x, y) = Mxx(x, y) = φy(x, y) = 0 (x = 0 or a)
w(x, y) = Myy(x, y) = φx(x, y) = 0 (y = 0 or b). (17)
(b) Clamped (C)
w(x, y) = φx(x, y) = φy(x, y) = 0 (x = 0 or a)
w(x, y) = φx(x, y) = φy(x, y) = 0 (y = 0 or b) (18)
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(c) Free (F)
Mxx(x, y) = Myx(x, y) = Qx(x, y) = 0 (x = 0 or a)
Myy(x, y) = Mxy(x, y) = Qy(x, y) = 0 (y = 0 or b) (19)
in which [29]
Qx(x, y) = κ2Gh
[
φx(x, y)+ ∂w(x, y)
∂x
]
− σ1h∂w(x, y)
∂x
(20a)
Qy(x, y) = κ2Gh
[
φy(x, y)+ ∂w(x, y)
∂y
]
− σ2h∂w(x, y)
∂y
(20b)
Mxx(x, y) = Eh
3
12
[
α
∂φx(x, y)
∂x
+ β ∂φy(x, y)
∂y
]
Myy(x, y) = Eh
3
12
[
β
∂φx(x, y)
∂x
+ γ ∂φy(x, y)
∂y
]
Mxy(x, y) = Myx(x, y) = Gh
3
12
[
∂φx(x, y)
∂y
+ ∂φy(x, y)
∂x
]
.
(21)
3. The differential quadrature method and solution procedures
For completeness, the DQmethod is briefly introduced in this section. Consider one dimensional problem first. In the DQ
method, the kth-order derivative of the solution function at a grid point i is given by
w˙
(k)
i =
N−
j=1
Ekijw˙j (i = 1, 2, . . . ,N) (22)
where Ekij are called the weighting coefficients of the kth-order derivative, N and w˙j are the total number of grid points
including the two boundary points, and the solution values at grid point j, respectively. Denote Aij and Bij (i, j = 1, 2, . . . ,N)
the weighting coefficients of the first- and second- order derivatives with respect to the variable of x. Aij can be computed
explicitly by [16],
Aij = ω
′
N(xi)
(xj − xi)ω′N(xj)
(i ≠ j), Aii =
N−
j=1,i≠j
1
(xi − xj) (23)
where
ω′N(xi) = (xi − x1)(xi − x2) · · · (xi − xi−1)(xi − xi+1) · · · (xi − xN) (24)
ω′N(xj) = (xj − x1)(xj − x2) · · · (xj − xj−1)(xj − xj+1) · · · (xj − xN). (25)
Then Bij can be computed either explicitly [16] or by the following recursive formulae [30],
Bij =
N−
k=1
AikAkj (i, j = 1, 2, . . . ,N). (26)
Next, consider two dimensional problems. Let Nx and Ny be the total number of grid points in the x and y direction
schematically shown in Fig. 2. Previous numerical experience showed that if Nx = Ny, fast convergence can be achieved.
Therefore, the total number of grid points in both directions is set to N in this paper. For rectangular Mindlin plates
considered, each grid point has three degrees of freedom, namely,w, φx andφy. In terms of the DQ, the governing differential
equations, i.e., Eqs. (13)–(15), are expressed as
κ2Gh{[I] ⊗ ([0, Ax, 0] + [Bx, 0, 0])+ ([0, 0, Ay] + [By, 0, 0])⊗ [I]}{w, φx, φy}T
= (σ1h[I] ⊗ [Bx, 0, 0] + σ2h[By, 0, 0] ⊗ [I]){w, φx, φy}T (27)
αEh3
12
[I] ⊗ [0, Bx, 0] + Gh
3
12
[0, By, 0] ⊗ [I] +

βEh3
12
+ Gh
3
12

[Ay] ⊗ [0, 0, Ax]
− κ2Gh[I] ⊗ ([0, I, 0] + [Ax, 0, 0])

{w, φx, φy}T = {0} (28)
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Fig. 2. Sketch of a rectangular plate with grid points (7× 5).
Table 1
Buckling stress factors σchb2/(π2D) for square plates under equibiaxial compressions (v = 0.3, k = 0.25, E/σ0 = 750, c = 3, h/b = 0.05).
BC N Plastic theory Analytical solutions Eq. (39) Eq. (40) Eq. (41) Eq. (42) Eq. (43)
SSSS
19 IT 1.130 1.130 1.130 1.130 1.130 1.130DT 0.9420 0.9420 0.9420 0.9420 0.9420 0.9421
21 IT 1.130 1.130 1.130 1.130 1.130 NADT 0.9420 0.9420 0.9420 0.9420 0.9420 NA
FSFS
17 IT 0.7116 0.7116 0.7116 0.7116 0.7116 0.7124DT 0.6366 0.6366 0.6366 0.6366 0.6366 0.6365
19 IT 0.7116 0.7116 0.7116 0.7116 0.7116 NADT 0.6366 0.6366 0.6366 0.6366 0.6366 NA
21 IT 0.7116 0.7116 0.7116 0.7116 0.7116 NADT 0.6366 0.6366 0.6366 0.6366 0.6366 NA

Gh3
12
[I] ⊗ [0, 0, Bx] +

βEh3
12
+ Gh
3
12

[Ay] ⊗ [0, Ax, 0] + γ Eh
3
12
[0, 0, By] ⊗ [I]
− κ2Gh([I] ⊗ [0, 0, I] + [Ay, 0, 0] ⊗ [I])

{w, φx, φy}T = {0} (29)
where the superscript x or y denotes the weighting coefficients of the corresponding derivative with respect to x or y, i.e.,
[Ax], [Ay], [Bx], [By] are the weighting coefficient matrices of the first- and second-order derivatives with respect to the
variables of x and y, calculated by Eqs. (23) and (26), {w, φx, φy}T = {w11, w12, . . . , wNN , φx11, φx12, . . . , φxNN , φy11, φy12, . . .
φyNN}T , and the Kronecker product⊗ for two matrices [A] and [B] are defined by [A] ⊗ [B] = [Aij[B]] [31].
The generalized forces, i.e., Eqs. (20) and (21), are expressed in terms of the DQ as:
{Qx} = κ2Gh[I] ⊗ ([0, I, 0] + [Ax, 0, 0]){w, φx, φy}T − σ1h[I] ⊗ [Ax, 0, 0]{w, φx, φy}T
{Qy} = κ2Gh([I] ⊗ [0, 0, I] + [Ay, 0, 0] ⊗ [I]){w, φx, φy}T − σ2h[Ay, 0, 0] ⊗ [I]{w, φx, φy}T (30)
{Mxx} =

αEh3
12
[I] ⊗ [0, Ax, 0] + βEh
3
12
[0, 0, Ay] ⊗ [I]

{w, φx, φy}T
{Myy} =

βEh3
12
[I] ⊗ [0, Ax, 0] + γ Eh
3
12
[0, 0, Ay] ⊗ [I]

{w, φx, φy}T
{Mxy} = {Myx} =

Gh3
12
[0, Ay, 0] ⊗ [I] + Gh
3
12
[I] ⊗ [0, 0, Ax]

{w, φx, φy}T .
(31)
In terms of the differential quadrature, the governing differential equations at all inner grid points and boundary
conditions at all boundary grid points can be written in the following partitioned matrix form,[
F11 F12
F21 F22
]
{w, φx, φy}T = σ
[
M11 0
0 0
]
{w, φx, φy}T (32)
where σ(>0) is themagnitude of the applied stress. The dimension of [F11] and [M11] isN2×N2, the dimension of [F12], [F21]
and [F22] is N2 × 2N2, 2N2 × N2, and 2N2 × 2N2.
Let ij represent grid points located on the boundaries. For clamped boundaries, eitherwij = 0, φx,ij = 0 orwij = 0, φy,ij =
0; for simply supported boundaries, either wij = 0, φy,ij = 0,Mxx,ij = 0 or wij = 0, φx,ij = 0,Myy,ij = 0; and for free
boundaries, either Mxx,ij = 0,Mxy,ij = 0,Qx,ij = 0 or Mxy,ij = 0,Myy,ij = 0,Qy,ij = 0. Eliminating the zero w, φx or φy in
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Table 2
Buckling stress factors σchb2/(π2D) for FSFS square plates under uniaxial load in the x-direction (Panel A), equibiaxial load (Panel B) (v = 0.3, k = 0.25).
c E/σ0 σchb2/(π2D) analytical solutions [8] σchb2/(π2D)by the DQ method
h/b = 0.025 h/b = 0.075 h/b = 0.025 h/b = 0.075
IT DT IT DT IT DT IT DT
Panel A
2 200 1.967 1.872 1.683 1.315 1.976 1.880 1.683 1.315
5 300 1.994 1.988 1.240 0.8580 2.002 1.996 1.239 0.8580
10 500 1.994 1.992 1.104 0.4835 2.003 2.000 1.104 0.4835
20 750 1.958 1.949 1.104 0.2978 1.965 1.955 1.104 0.2978
Panel B
2 200 0.9147 0.8992 0.8195 0.7372 0.9146 0.8991 0.8195 0.7371
5 300 0.9278 0.9277 0.6709 0.6314 0.9277 0.9276 0.6708 0.6314
10 500 0.9280 0.9280 0.4299 0.4114 0.9279 0.9279 0.4299 0.4114
20 750 0.9280 0.9280 0.2847 0.2717 0.9279 0.9279 0.2846 0.2717
Table 3
Buckling stress factors σchb2/(π2D) for SSFS square plates under uniaxial load in the x-direction (Panel A), equibiaxial load (Panel B) (v = 0.3, k = 0.25).
c E/σ0 σchb2/(π2D) Analytical solutions [8] σchb2/(π2D)by the DQ method
h/b = 0.025 h/b = 0.075 h/b = 0.025 h/b = 0.075
IT DT IT DT IT DT IT DT
Panel A
2 200 2.232 2.132 1.797 1.436 2.236 2.136 1.797 1.436
5 300 2.292 2.282 1.240 0.8736 2.296 2.286 1.240 0.8735
10 500 2.280 2.272 1.129 0.4850 2.283 2.275 1.129 0.4850
20 750 2.081 2.067 1.129 0.2979 2.082 2.068 1.129 0.2979
Panel B
2 200 1.034 1.010 0.9364 0.8112 1.035 1.011 0.9363 0.8112
5 300 1.045 1.045 0.7484 0.6772 1.046 1.046 0.7483 0.6771
10 500 1.046 1.046 0.4768 0.4291 1.047 1.047 0.4767 0.4291
20 750 1.046 1.046 0.3762 0.2791 1.047 1.047 0.3761 0.2791
Table 4
Buckling stress factors σchb2/(π2D) for CSFS square plates under uniaxial load in the x-direction (Panel A), equibiaxial load (Panel B) (v = 0.3, k = 0.25).
c E/σ0 σchb2/(π2D) analytical solutions [8] σchb2/(π2D)by DQ method
h/b = 0.025 h/b = 0.075 h/b = 0.025 h/b = 0.075
IT DT IT DT IT DT IT DT
Panel A
2 200 2.251 2.150 1.801 1.441 2.255 2.154 1.801 1.441
5 300 2.315 2.304 1.241 0.8737 2.318 2.308 1.241 0.8737
10 500 2.300 2.292 1.131 0.4850 2.303 2.295 1.131 0.4850
20 750 2.085 2.071 1.131 0.2979 2.087 2.073 1.131 0.2979
Panel B
2 200 1.119 1.089 1.020 0.8622 1.121 1.091 1.019 0.8621
5 300 1.130 1.129 0.8101 0.7073 1.131 1.131 0.8101 0.7072
10 500 1.130 1.130 0.5225 0.4406 1.131 1.131 0.5224 0.4405
20 750 1.130 1.130 0.4675 0.2832 1.131 1.131 0.4674 0.2832
Eq. (32) yields[
F ′11 F
′
12
F ′21 F
′
22
]
{w, φx, φy}T = σ
[
M ′11 0
0 0
]
{w, φx, φy}T . (33)
Except for the case of rectangular plates with four free edges, the dimension of [F ′] and [M ′] is smaller than 3N2 × 3N2
and its magnitude depends on the combination of boundary conditions.
After some simple manipulations on Eq. (33), one obtains
([F ′11] − [F ′12][F ′21]−1[F ′21]){w}T = σ [M ′11]{w}T or [F¯ ]{w}T = σ [M ′11]{w}T . (34)
Eq. (34) is a nonlinear generalized eigenvalue equation, since parameters α, β and γ in [F¯ ] depend on the unknown load
σ . For simplicity in programming, the direct iteration method is used for obtaining the solution to Eq. (34). To start with, set
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Table 5
Buckling stress factors σchb2/(π2D) for CCCC square plates under uniaxial load in the x-direction (Panel A), equibiaxial load (Panel B) (v = 0.3, k = 0.25).
c E/σ0 σchb2/(π2D) by DQ method
h/b = 0.025 h/b = 0.050 h/b = 0.075
IT DT IT DT IT DT
Panel A
2
200 8.900 7.932 7.403 5.629 6.238 4.164
300 8.618 7.369 6.985 4.986 5.939 3.607
500 8.230 6.578 6.531 4.206 5.640 2.969
750 7.771 5.914 6.237 3.631 5.460 2.521
3
200 8.636 7.847 6.168 4.368 5.237 2.705
300 8.010 6.883 5.802 3.525 5.114 2.133
500 7.051 5.593 5.546 2.634 5.043 1.563
750 6.478 4.615 5.450 2.069 5.020 1.214
5
200 8.362 7.828 5.480 3.332 5.007 1.804
300 7.156 6.410 5.390 2.488 5.002 1.327
500 6.099 4.672 5.369 1.700 5.001 0.8947
750 5.753 3.541 5.366 1.247 5.001 0.6520
10
200 8.178 7.935 5.366 2.699 5.001 1.325
300 6.469 5.999 5.365 1.906 5.001 0.9278
500 5.660 4.022 5.365 1.220 5.001 0.5896
750 5.628 2.873 5.365 0.8532 5.001 0.4107
20
200 8.207 8.121 5.365 2.437 5.001 1.139
300 6.129 5.851 5.365 1.674 5.001 0.7784
500 5.627 3.753 5.365 1.037 5.001 0.4806
750 5.627 2.597 5.365 0.7082 5.001 0.3274
Panel B
2
200 4.707 4.490 3.857 3.380 3.240 2.596
300 4.520 4.236 3.592 3.031 2.995 2.269
500 4.234 3.854 3.257 2.589 2.712 1.885
750 3.976 3.513 3.004 2.252 2.516 1.610
3
200 4.789 4.669 3.324 2.916 2.507 1.899
300 4.456 4.264 2.906 2.397 2.238 1.513
500 3.909 3.608 2.471 1.824 2.010 1.120
750 3.442 3.046 2.218 1.447 1.906 0.8746
5
200 4.971 4.929 2.819 2.529 1.995 1.425
300 4.475 4.377 2.334 1.922 1.852 1.057
500 3.596 3.408 1.973 1.331 1.804 0.7178
750 2.936 2.659 1.865 0.9842 1.797 0.5249
10
200 5.197 5.193 2.446 2.287 1.804 1.158
300 4.656 4.626 1.964 1.639 1.796 0.8160
500 3.391 3.313 1.831 1.061 1.796 0.5215
750 2.565 2.418 1.828 0.7468 1.796 0.3643
20
200 5.246 5.246 2.281 2.205 1.796 1.056
300 4.913 4.905 1.842 1.533 1.796 0.7257
500 3.353 3.327 1.828 0.9605 1.796 0.4499
750 2.406 2.339 1.828 0.6588 1.796 0.3072
σ = P0, a small value to cause only the elastic deformation. Next, compute parameters α, β and γ either by using Eq. (9)
or by using Eq. (12) depending on the plasticity theory to be used. Once parametersα, β and γ are obtained, Eq. (34) becomes
a generalized eigenvalue equation which can be solved by standard solvers. Denote the lowest eigenvalue by P1. Check if
|(P1−P0)/P1| < err , where err is the prescribed error bound. If |(P1−P0)/P1| > err , then, replace P0 by [(1−η)P0+ηP1] (η ≤
1). Repeat the iteration processes until |(Pi − Pi−1)/Pi| < err . Then the convergent Pi is the solution to be found.
For comparison, the buckling coefficient, K , is introduced [8],
K = σ hb
2
π2D
(35)
where D is the plate flexural rigidity defined by D = Eh3/12/(1− v2).
4. Results and discussions
For comparison, the well-known Ramberg–Osgood elastoplastic stress–strain relationship is employed, namely [8],
εe = σeE +
kσ0
E

σe
σ0
c
(36)
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Table 6
Buckling stress factors σchb2/(π2D) for FCFC square plates under uniaxial load in the x-direction (Panel A), equibiaxial load (Panel B) (v = 0.3, k = 0.25).
c E/σ0 σchb2/(π2D) by the DQ method
h/b = 0.025 h/b = 0.050 h/b = 0.075
IT DT IT DT IT DT
Panel A
2
200 3.384 3.181 2.958 2.490 2.564 1.948
300 3.324 3.048 2.851 2.275 2.452 1.732
500 3.226 2.835 2.707 1.988 2.312 1.467
750 3.131 2.632 2.590 1.759 2.209 1.269
3
200 3.442 3.357 2.787 2.373 2.233 1.613
300 3.349 3.191 2.577 2.019 2.070 1.314
500 3.159 2.858 2.336 1.588 1.927 0.9924
750 2.961 2.516 2.187 1.285 1.861 0.7839
5
200 3.512 3.497 2.576 2.262 1.925 1.330
300 3.421 3.362 2.266 1.781 1.828 1.001
500 3.102 2.913 2.041 1.267 1.797 0.6885
750 2.748 2.406 1.984 0.9484 1.793 0.5067
10
200 3.541 3.540 2.368 2.185 1.797 1.136
300 3.519 3.513 2.028 1.605 1.792 0.8066
500 3.097 3.019 1.968 1.054 1.792 0.5179
750 2.535 2.330 1.967 0.7452 1.792 0.3626
20
200 3.541 3.541 2.257 2.164 1.792 1.052
300 3.541 3.541 1.969 1.527 1.792 0.7249
500 3.163 3.138 1.967 0.9627 1.792 0.4503
750 2.417 2.309 1.967 0.6614 1.792 0.3076
Panel B
2
200 2.611 2.473 2.367 2.015 2.126 1.626
300 2.578 2.389 2.294 1.860 2.037 1.458
500 2.520 2.247 2.183 1.643 1.912 1.245
750 2.457 2.107 2.080 1.465 1.806 1.083
3
200 2.651 2.605 2.288 2.003 1.877 1.423
300 2.611 2.522 2.119 1.737 1.693 1.171
500 2.511 2.328 1.872 1.390 1.456 0.8913
750 2.377 2.098 1.680 1.133 1.315 0.7067
5
200 2.681 2.676 2.190 2.001 1.547 1.230
300 2.659 2.638 1.879 1.611 1.307 0.9323
500 2.532 2.438 1.499 1.162 1.152 0.6434
750 2.283 2.102 1.286 0.8744 1.11 5 0.4744
10
200 2.686 2.686 2.107 2.022 1.269 1.085
300 2.685 2.685 1.645 1.511 1.119 0.7731
500 2.606 2.581 1.229 1.000 1.105 0.4975
750 2.212 2.132 1.144 0.7095 1.104 0.3485
20
200 2.686 2.686 2.090 2.060 1.149 1.022
300 2.686 2.686 1.525 1.470 1.104 0.7050
500 2.673 2.671 1.146 0.9311 1.104 0.4386
750 2.208 2.180 1.139 0.6409 1.104 0.2998
where σ0 is a nominal yield stress, c is a dimensionless constant that describes the shape of the stress–strain relationship
with c = ∞ for elastic–perfectly plastic response. Poisson’s ratio v and the shear correction factor κ2 are taken as 0.3 and
5/6 in all calculations. Different values of E/σ0, and c are used. It should be pointed out that the form of Eq. (36) is slightly
different from the original Ramberg–Osgood relation, commonly known as the three parameter equation.
From Eq. (36) and the definition of the tangent Young’s modulus and the secant Young’s modulus, one obtains
E
T
= 1+ ck

σe
σ0
c−1
(c > 1) (37)
E
S
= 1+ k

σe
σ0
c−1
(c > 1). (38)
For brevity, a four-letter designation, corresponding to the edge of x = 0, y = 0, x = a and y = b, is introduced to
represent the combination of boundary conditions. For example, CSFS represents clamped at x = 0, simply supported at
y = 0, free at x = a, and simply supported at y = b, respectively. The Mindlin shear correction factor κ2 is set to 5/6 and
the error bound err is 0.0001 for all cases considered.
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Table 7
Buckling stress factors σchb2/(π2D) for FCCC square plates under uniaxial load in the x-direction (Panel A), equibiaxial load (Panel B) (v = 0.3, k = 0.25).
c E/σ0 σchb2/(π2D) by the DQ method
h/b = 0.025 h/b = 0.050 h/b = 0.075
IT DT IT DT IT DT
Panel A
2
200 3.589 3.372 3.086 2.605 2.648 2.024
300 3.512 3.220 2.958 2.371 2.517 1.794
500 3.390 2.981 2.788 2.063 2.359 1.514
750 3.274 2.758 2.653 1.819 2.245 1.307
3
200 3.656 3.560 2.872 2.450 2.266 1.649
300 3.534 3.360 2.631 2.072 2.091 1.338
500 3.295 2.978 2.366 1.621 1.940 1.008
750 3.059 2.601 2.207 1.307 1.871 0.7949
5
200 3.746 3.727 2.620 2.305 1.936 1.343
300 3.612 3.542 2.288 1.803 1.836 1.009
500 3.207 3.006 2.053 1.277 1.805 0.6928
750 2.803 2.455 1.995 0.9550 1.801 0.5095
10
200 3.791 3.790 2.388 2.204 1.805 1.139
300 3.745 3.735 2.038 1.612 1.800 0.8085
500 3.171 3.087 1.978 1.057 1.800 0.5189
750 2.562 2.352 1.977 0.7468 1.800 0.3632
20
200 3.792 3.792 2.267 2.173 1.800 1.053
300 3.791 3.791 1.979 1.530 1.800 0.7255
500 3.218 3.190 1.977 0.9637 1.800 0.4505
750 2.433 2.320 1.977 0.6619 1.800 0.3078
Panel B
2
200 2.744 2.591 2.484 2.099 2.229 1.685
300 2.709 2.499 2.410 1.933 2.142 1.508
500 2.648 2.346 2.299 1.704 2.023 1.285
750 2.584 2.196 2.199 1.516 1.921 1.116
3
200 2.784 2.731 2.394 2.073 1.977 1.461
300 2.741 2.637 2.225 1.791 1.780 1.199
500 2.632 2.422 1.975 1.427 1.532 0.9108
750 2.493 2.174 1.751 1.162 1.388 0.7214
5
200 2.817 2.811 2.278 2.056 1.608 1.252
300 2.790 2.764 1.959 1.647 1.367 0.9479
500 2.643 2.530 1.552 1.184 1.222 0.6535
750 2.379 2.162 1.345 0.8898 1.191 0.4815
10
200 2.824 2.824 2.167 2.061 1.314 1.099
300 2.822 2.822 1.679 1.534 1.190 0.7814
500 2.711 2.676 1.280 1.012 1.182 0.5019
750 2.277 2.176 1.216 0.7164 1.182 0.3513
20
200 2.824 2.824 2.127 2.086 1.202 1.028
300 2.824 2.824 1.545 1.483 1.182 0.7087
500 2.794 2.789 1.215 0.9360 1.182 0.4405
750 2.247 2.210 1.213 0.6438 1.182 0.3011
To investigate the effect of different grid spacing on solution accuracy, two cases with available analytical solutions are
analyzed by using the DQ method with different grid spacing, namely, the SSSS and FSFS square plate under equibiaxial
compressions. Five forms of grid spacing [32,33] are considered, namely,
xi = a(1− cos[(i− 1)π/(N − 1)])/2, i = 1, 2, . . . ,N
yi = b(1− cos[(i− 1)π/(N − 1)])/2, i = 1, 2, . . . ,N (39)
xi = a(1− cos[(2i− 1)π/2N]/ cos(π/2N))/2, i = 2, . . . ,N − 1
x1 = 0, xN = a
yi = b(1− cos[(2i− 1)π/2N]/ cos(π/2N))/2, i = 2, . . . ,N − 1
y1 = 0, yN = b
(40)
xi = a(1− cos[(2i− 3)π/(2N − 4)])/2, i = 2, . . . ,N − 1
x1 = 0, xN = a
yi = b(1− cos[(2i− 3)π/(2N − 4)])/2, i = 2, . . . ,N − 1
y1 = 0, yN = b
(41)
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Table 8
Buckling stress factors σchb2/(π2D) for FCSC square plates under uniaxial load in the x-direction (Panel A), equibiaxial load (Panel B) (v = 0.3, k = 0.25).
c E/σ0 σchb2/(π2D) by the DQ method
h/b = 0.025 h/b = 0.050 h/b = 0.075
IT DT IT DT IT DT
Panel A
2
200 3.556 3.336 3.074 2.587 2.643 2.014
300 3.485 3.189 2.950 2.357 2.514 1.786
500 3.371 2.956 2.784 2.053 2.357 1.508
750 3.260 2.738 2.651 1.811 2.244 1.303
3
200 3.618 3.522 2.867 2.440 2.266 1.646
300 3.507 3.331 2.630 2.066 2.091 1.336
500 3.282 2.961 2.365 1.618 1.940 1.006
750 3.053 2.591 2.207 1.305 1.871 0.7943
5
200 3.700 3.680 2.619 2.301 1.936 1.342
300 3.581 3.511 2.287 1.802 1.836 1.009
500 3.198 2.995 2.053 1.277 1.805 0.6926
750 2.802 2.451 1.994 0.9547 1.801 0.5094
10
200 3.737 3.737 2.387 2.203 1.804 1.139
300 3.700 3.691 2.038 1.612 1.800 0.8085
500 3.166 3.080 1.978 1.056 1.800 0.5189
750 2.562 2.351 1.977 0.7468 1.800 0.3632
20
200 3.739 3.739 2.266 2.172 1.800 1.053
300 3.738 3.738 1.979 1.530 1.800 0.7255
500 3.214 3.185 1.977 0.9637 1.800 0.4505
750 2.433 2.320 1.977 0.6619 1.800 0.3077
Panel B
2
200 2.717 2.569 2.454 2.082 2.193 1.671
300 2.682 2.478 2.378 1.918 2.102 1.496
500 2.620 2.328 2.264 1.691 1.978 1.276
750 2.555 2.179 2.162 1.505 1.873 1.108
3
200 2.759 2.708 2.364 2.057 1.936 1.450
300 2.715 2.615 2.192 1.778 1.735 1.190
500 2.606 2.404 1.943 1.418 1.488 0.9048
750 2.464 2.158 1.706 1.154 1.347 0.7167
5
200 2.792 2.786 2.251 2.042 1.572 1.244
300 2.765 2.740 1.934 1.637 1.333 0.9421
500 2.618 2.511 1.518 1.177 1.187 0.6496
750 2.354 2.149 1.310 0.8851 1.154 0.4787
10
200 2.799 2.799 2.148 2.050 1.289 1.093
300 2.797 2.796 1.657 1.527 1.156 0.7779
500 2.690 2.658 1.250 1.008 1.145 0.4997
750 2.260 2.165 1.178 0.7136 1.145 0.3498
20
200 2.799 2.799 2.116 2.079 1.175 1.025
300 2.799 2.799 1.532 1.479 1.145 0.7066
500 2.799 2.767 1.178 0.9329 1.145 0.4394
750 2.799 2.203 1.174 0.6420 1.145 0.3003
xi = a(1− cos[(2i− 1)π/2N]/2N)/2, i = 2, . . . ,N − 1
x1 = 0, xN = a
yi = b(1− cos[(2i− 1)π/2N]/2N)/2, i = 2, . . . ,N − 1
y1 = 0, yN = b
(42)
xi = a(i− 1)/(N − 1), i = 1, . . . ,N
yi = b(i− 1)/(N − 1), i = 1, . . . ,N. (43)
Material parameters are v = 0.3, k = 0.25, E/σ0 = 750, c = 3, and h/b = 0.05. The DQ buckling coefficients are
summarized in Table 1. It is experienced that the uniformly distributed grid spacing, Eq. (43), cannot always give convergent
results if the N is relatively large and the results may not be accurate enough. It is also found that all non-uniformly
distributed grid points, Eqs. (39)–(42), can yield similar accurate results. Therefore, to obtain reliable solutions by using the
DQ method, the non-uniform grid spacing widely used in literatures, namely, Eq. (39), is used for all DQ results presented
in Tables 2–12 and in Figs. 3–5.
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Table 9
Buckling stress factors σchb2/(π2D) for SCCC square plates under uniaxial load in the x-direction (Panel A), equibiaxial load (Panel B) (v = 0.3, k = 0.25).
c E/σ0 σchb2/(π2D) by the DQ method
h/b = 0.025 h/b = 0.050 h/b = 0.075
IT DT IT DT IT DT
Panel A
2
200 7.330 6.625 6.260 4.836 5.445 3.629
300 7.116 6.207 6.000 4.313 5.238 3.160
500 6.800 5.598 5.701 3.665 5.025 2.616
750 6.531 5.072 5.499 3.179 4.894 2.229
3
200 7.227 6.713 5.501 3.921 4.747 2.485
300 6.779 5.996 5.221 3.196 4.647 1.972
500 6.168 4.961 5.019 2.416 4.589 1.454
750 5.757 4.137 4.942 1.910 4.570 1.133
5
200 7.181 6.884 4.984 3.153 4.560 1.732
300 6.376 5.797 4.898 2.374 4.555 1.278
500 5.530 4.349 4.877 1.632 4.554 0.8642
750 5.219 3.343 4.874 1.201 4.554 0.6305
10
200 7.297 7.192 4.875 2.637 4.554 1.303
300 6.003 5.676 4.873 1.870 4.554 0.9136
500 5.149 3.896 4.873 1.200 4.554 0.5812
750 5.100 2.805 4.873 0.8400 4.554 0.4050
20
200 7.556 7.527 4.873 2.412 4.554 1.131
300 5.826 5.672 4.873 1.659 4.554 0.7732
500 5.099 3.697 4.873 1.029 4.554 0.4775
750 5.098 2.569 4.873 0.7034 4.554 0.3254
Panel B
2
200 3.897 3.744 3.253 2.901 2.756 2.267
300 3.760 3.558 3.041 2.620 2.551 1.994
500 3.545 3.269 2.766 2.257 2.308 1.667
750 3.345 3.003 2.552 1.975 2.135 1.429
3
200 3.999 3.927 2.896 2.603 2.183 1.732
300 3.775 3.651 2.536 2.164 1.931 1.389
500 3.370 3.162 2.144 1.665 1.704 1.034
750 2.994 2.712 1.903 1.328 1.593 0.8104
5
200 4.156 4.138 2.545 2.350 1.738 1.348
300 3.878 3.823 2.085 1.804 1.556 1.004
500 3.223 3.101 1.697 1.260 1.481 0.6846
750 2.651 2.464 1.552 0.9354 1.469 0.5018
10
200 4.264 4.263 2.287 2.194 1.499 1.124
300 4.098 4.086 1.764 1.583 1.467 0.7945
500 3.171 3.126 1.502 1.031 1.466 0.5090
750 2.402 2.316 1.490 0.7274 1.466 0.3560
20
200 4.271 4.271 2.188 2.151 1.467 1.039
300 4.252 4.251 1.617 1.502 1.466 0.7155
500 3.226 3.212 1.489 0.9452 1.466 0.4444
750 2.313 2.280 1.489 0.6497 1.466 0.3036
4.1. Validations for rectangular plates with known solutions
Computer programs for elastoplastic buckling of rectangular plates under uniaxial and biaxial compressions have been
written. In order to verify the solution procedures and developed computer programs, problems with existing analytical
solutions in [8], including SSSS, FSFS, SSFS and CSFS rectangular plates, are re-solved by using the DQ method.
To determine the number of grid points, convergence study is performed. Fig. 3 shows variations of the buckling stress
factorwith the number of grid points for a square plate under uni-axial loading. Thickness to side ratio (h/b) is 0.050 and four
combinations of boundary conditions are considered. Except for the case of CSFS plate, material parameters are chosen as
c = 2 and E/σo = 200. For the case of CSFS plate, material parameters are chosen as c = 3 and E/σo = 500 to separate the
curve from others for a clear view. Incremental theory is employed. From Fig. 3 it is seen that the DQ method with N = 19
can yield accurate results for all cases considered although the convergence rate is slightly different. Numerical results, not
shown to shorten the paper indicate that this is also true if the deformation theory is employed. Based on the results of the
convergence study, N is set to 21 for all DQ results presented in Tables 2–12 and in Figs. 4 and 5. It takes 1–2 min to obtain
one solution on a personal computer (Lenovo Q9400).
Consider next the buckling of an SSSS square plate. For comparisons c in the Ramberg–Osgood relation takes the values of
2, 3 and 20, respectively. Fig. 4 shows the variations of the buckling stress factorwith the thickness to side ratio h/b for square
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Table 10
Buckling stress factors σchb2/(π2D) for SCSC square plates under uniaxial load in the x-direction (Panel A), equibiaxial load (Panel B) (v = 0.3, k = 0.25).
c E/σ0 σchb2/(π2D) by the DQ method
h/b = 0.025 h/b = 0.050 h/b = 0.075
IT DT IT DT IT DT
Panel A
2
200 6.830 6.269 5.827 4.577 5.117 3.444
300 6.613 5.871 5.605 4.086 4.949 3.003
500 6.313 5.296 5.359 3.477 4.782 2.490
750 6.071 4.800 5.198 3.020 4.682 2.125
3
200 6.760 6.365 5.219 3.755 4.577 2.398
300 6.334 5.693 4.993 3.072 4.502 1.907
500 5.795 4.729 4.837 2.331 4.460 1.409
750 5.450 3.959 4.780 1.847 4.446 1.100
5
200 6.772 6.560 4.816 3.074 4.439 1.700
300 6.032 5.559 4.748 2.324 4.436 1.256
500 5.290 4.211 4.732 1.602 4.435 0.8508
750 5.030 3.257 4.730 1.180 4.435 0.6212
10
200 6.972 6.907 4.730 2.609 4.435 1.294
300 5.778 5.520 4.729 1.855 4.435 0.9077
500 4.981 3.835 4.729 1.191 4.435 0.5777
750 4.936 2.774 4.729 0.8345 4.435 0.4027
20
200 7.286 7.272 4.729 2.401 4.435 1.128
300 5.683 5.572 4.729 1.654 4.435 0.7710
500 4.935 3.670 4.729 1.026 4.435 0.4763
750 4.934 2.557 4.729 0.7015 4.435 0.3247
Panel B
2
200 3.494 3.370 2.947 2.652 2.510 2.093
300 3.381 3.215 2.762 2.406 2.325 1.848
500 3.199 2.970 2.517 2.083 2.103 1.551
750 3.027 2.741 2.325 1.830 1.944 1.333
3
200 3.598 3.544 2.672 2.432 2.019 1.640
300 3.423 3.327 2.347 2.037 1.778 1.321
500 3.087 2.921 1.980 1.577 1.556 0.9872
750 2.760 2.529 1.748 1.263 1.442 0.7749
5
200 3.730 3.719 2.400 2.245 1.617 1.303
300 3.542 3.505 1.961 1.736 1.419 0.9743
500 3.014 2.921 1.570 1.219 1.325 0.6659
750 2.499 2.351 1.406 0.9078 1.309 0.4887
10
200 3.795 3.794 2.206 2.137 1.370 1.103
300 3.729 3.723 1.681 1.550 1.308 0.7820
500 3.037 3.004 1.353 1.013 1.305 0.5018
750 2.317 2.254 1.325 0.7161 1.305 0.3513
20
200 3.797 3.797 2.143 2.118 1.308 1.028
300 3.795 3.795 1.553 1.484 1.305 0.7093
500 3.140 3.130 1.324 0.9359 1.305 0.4411
750 2.266 2.244 1.324 0.6442 1.305 0.3015
plates subjected to uniaxial loadings (Fig. 4(a)) and to equibiaxial loadings (Fig. 4(b)). In Fig. 4, symbols are DQ data and
lines are theoretical predictions cited from Ref. [8]. As expected, the DQ results are as accurate as the theoretical solutions.
Therefore, the solution procedures and developed computer programs are verified. It is observed that differences between
the incremental theory and deformation theory become larger with the increase of c and the thickness to side ratio h/b.
For comparison, Tables 2–4 list the values of the buckling stress factor for the FSFS, SSFS and CSFS square plates calculated
by the DQ method and the analytical solution cited from Ref. [8]. For brevity, only a few cases are included in Tables 2–4. It
is seen that the DQ results agree well with the existing analytical results for all cases considered. These four examples serve
as a check of both the formulations as well as the developed computer programs.
4.2. Results for rectangular plates without analytical solutions
Elastoplastic buckling analysis of rectangular plates with the other six combinations of the boundary conditions, namely,
CCCC, FCFC, FCCC, FCSC, SCCC, and SCSC, under either uni-axial or equi-biaxial compressions is performed by using the DQ
method. In the calculations, three different values of thickness to side ratio h/b, five different values of c and four different
values of E/σ0 are taken. Both the incremental theory and deformation theory are used during the calculation. The obtained
buckling stress factors for the six cases are listed in Tables 5–10, respectively.
W. Zhang, X. Wang / Computers and Mathematics with Applications 61 (2011) 44–61 57
Table 11
Equivalent strain (%) for CCCC square plates under uniaxial load in the x-direction (Panel A), equibiaxial load (Panel B) (v = 0.3, k = 0.25).
c E/σ0 Equivalent strain (%)
h/b = 0.025 h/b = 0.050 h/b = 0.075
IT DT IT DT IT DT
Panel A
2
200 0.6291 0.5484 3.072 2.081 8.200 4.358
300 0.6646 0.5462 3.446 2.079 9.857 4.356
500 0.7351 0.5442 4.198 2.079 13.14 4.357
750 0.8003 0.5433 5.133 2.083 17.22 4.362
3
200 0.6039 0.5304 4.101 1.948 21.54 3.976
300 0.6609 0.5211 6.380 1.933 42.14 3.954
500 0.7932 0.5130 13.55 1.913 107.9 3.930
750 1.055 0.5098 27.49 1.904 236.3 3.923
5
200 0.5664 0.5098 12.88 1.720 430.1 3.513
300 0.6228 0.4881 55.47 1.699 2156 3.505
500 1.102 0.4640 411.8 1.691 16602 3.497
750 3.192 0.4533 2074 1.687 84038 3.497
10
200 0.5186 0.4901 880.0 1.521 1E+06 3.136
300 0.5743 0.4371 33722 1.511 6E+07 3.154
500 5.769 0.4061 3E+06 1.513 6E+09 3.159
750 198.2 0.4002 1E+08 1.524 2E+11 3.165
20
200 0.4912 0.4811 6E+06 1.412 2E+13 2.934
300 0.5241 0.4008 1E+10 1.422 4E+16 2.974
500 528.8 0.3723 2E+14 1.421 6E+20 2.986
750 1E+06 0.3720 5E+17 1.441 1E+24 2.983
Panel B
2
200 0.3012 0.2858 1.251 1.055 3.004 2.191
300 0.3042 0.2822 1.306 1.037 3.261 2.152
500 0.3107 0.2769 1.413 1.013 3.755 2.106
750 0.3192 0.2723 1.543 0.994 4.347 2.075
3
200 0.2903 0.2821 1.175 0.945 3.345 1.865
300 0.2876 0.2723 1.294 0.899 4.452 1.793
500 0.2881 0.2567 1.646 0.850 7.691 1.723
750 0.2978 0.2437 2.271 0.818 13.76 1.681
5
200 0.2878 0.2851 1.056 0.815 5.307 1.523
300 0.2737 0.2660 1.353 0.747 15.93 1.445
500 0.2572 0.2338 3.197 0.685 102.3 1.376
750 0.2651 0.2107 10.93 0.653 504.3 1.337
10
200 0.2942 0.2939 0.893 0.691 54.81 1.229
300 0.2708 0.2686 1.901 0.609 1983 1.158
500 0.2240 0.2129 72.15 0.546 2E+05 1.103
750 0.2214 0.1790 2713 0.520 8E+06 1.077
20
200 0.2963 0.2963 0.745 0.615 21263 1.055
300 0.2797 0.2791 7.485 0.526 5E+07 1.003
500 0.2062 0.2023 99592 0.473 8E+11 0.961
750 0.1848 0.1599 2E+08 0.451 2E+15 0.944
From Tables 5–10, it is also observed that the deformation theory generally gives consistently lower buckling loads
than the incremental theory and that large discrepancy in predictions between two theories exists with increasing of the
plate thickness, E/σ0, and c in the Ramberg–Osgood relations. One reason reported earlier [3,4] is that deformation theory
predicts a progressively lower in-plane shear modulus as the level of plasticity increases thus predicting lower buckling
loads. Another reason is given herein for the controversy surrounding the plastic buckling paradox. Table 11 lists in detail
the equivalent strain corresponding to the buckling stress for the CCCC square plate, calculated by using Eq. (37). Table 12
summarizes briefly the equivalent strains corresponding to the buckling stress for square plates with other combinations
of boundary conditions. From Tables 11 and 12, it is clearly seen that some predictions with the incremental theory should
not be valid data at all, since the small deformation assumption is violated and the equivalent strain is too large to be
produced for a real case. On the other hand, all predictions with the deformation theory should be valid data since the small
deformation assumption is satisfied. Carefully checking all results in Tables 11 and 12 reveals that if the small deformation
assumption is satisfied by both theories, the buckling stress factors are close to each other, otherwise a large discrepancy in
predictions between two theories exists. A similar explanation was reported earlier [11] for thin rectangular plates under
biaxial loadings.
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Table 12
Equivalent strain (%) of the other boundary conditions for square plates under uniaxial load in the x-direction (c = 20, v = 0.3, k = 0.25).
Boundary conditions E/σ0 Equivalent strain (%)
h/b = 0.025 h/b = 0.050 h/b = 0.075
IT DT IT DT IT DT
FSFS
200 0.1129 0.1129 0.4300 0.4266 2.811 0.6800
300 0.1129 0.1129 0.4060 0.3582 2797 7.491
500 0.1129 0.1129 21.54 0.3072 5E+07 2.191
750 0.1114 0.1108 45610 0.2880 1E+11 0.5746
SSFS
200 0.1305 0.1305 0.4580 0.4536 3.439 0.6909
300 0.1305 0.1305 0.4220 0.3678 4377 0.6331
500 0.1305 0.1305 28.47 0.3123 7E+07 0.5945
750 0.1202 0.1191 61490 0.2919 2E+11 0.5775
CSFS
200 0.1320 0.1320 0.4590 0.4546 3.489 0.6909
300 0.1320 0.1320 0.4220 0.3687 4534 0.6331
500 0.1320 0.1319 28.94 0.3123 7E+07 0.5963
750 0.1590 0.1194 62511 0.2919 2E+11 0.5775
FCFC
200 0.2000 0.2000 0.6960 0.5689 20336 1.0154
300 0.2000 0.2000 27.27 0.5111 5E+07 0.9891
500 0.1839 0.1817 4E+05 0.4858 7E+11 0.9743
750 0.1901 0.1519 1E+09 0.4758 2E+15 0.9651
FCCC
200 0.2142 0.2142 0.7150 0.5779 22231 1.0252
300 0.2142 0.2142 30.13 0.5184 5E+07 0.9998
500 0.1892 0.1864 5E+05 0.4916 8E+11 0.9811
750 0.1985 0.1547 1E+09 0.4809 2E+15 0.9758
FCSC
200 0.2112 0.2112 0.7130 0.5769 22231 1.0252
300 0.2112 0.2112 30.13 0.5184 5E+07 0.9998
500 0.1888 0.1859 5E+05 0.4916 8E+11 0.9811
750 0.1985 0.1547 1E+09 0.4809 2E+15 0.9704
SCCC
200 0.4321 0.4301 9E+05 1.2455 3E+12 2.6202
300 0.3936 0.3582 2E+09 1.2468 6E+15 2.6476
500 73.942 0.3275 3E+13 1.2488 9E+19 2.6516
750 162641 0.3265 7E+16 1.277 2E+23 2.6568
SCSC
200 0.4141 0.4132 5E+05 1.1818 2E+12 2.5129
300 0.3603 0.3412 1E+09 1.1946 3E+15 2.5216
500 38.582 0.3098 2E+13 1.1904 5E+19 2.5328
750 84570 0.3096 4E+16 1.2177 1E+23 2.5514
To investigate if an optimal loading path also exists for cases of the thick plates, rectangular plates under various ratios of
biaxial loadings are analyzed by using the DQ method. Due to space limitations, only SCSC square plates with two ratios of
the thickness to side length, h/b = 0.050 and 0.075, are considered. For comparison purposes, the original Ramberg–Osgood
elastoplastic stress–strain relationship is adopted, namely,
εe = σeE + ks
σe
E
n
(44)
where the material constants E, v, ks, and n are taken as 72.4 GPa, 0.32, 3.94× 1021, and 10.9 [7].
Fig. 5 shows the variations of the buckling stress factors of with the load ratio ξ (σ2 = −ξσ1). From Fig. 5, it is clearly seen
that an optimal loadingpath also exists for the deformation theorymodel, firstly discoveredbyDurban andZuckerman [7] for
cases of thin rectangular plates under biaxial loadings. By contrast, no such optimal loading path exists for the incremental
theory model.
5. Conclusions
In this paper, the DQ method is used to obtain elastoplastic buckling stress of thick rectangular plates. The methodology
andprocedures areworked out in detail and buckling problemswith various combinations of boundary conditions, thickness
to side length ratios and material coefficients are studied. Comparisons to existing analytical solutions show that the DQ
method can yield very accurate results, therefore, the method is employed to obtain elastoplastic buckling stress factors of
rectangular thick plateswith other combinations of boundary conditions, i.e., CCCC, FCFC, FCCC, FCSC, SCCC, and SCSC,whose
analytical solutions are not available. Similar to cases of thin plates [3,3,7,11], the deformation theory also gives consistently
lower buckling loads than the incremental theory for the cases of thick plates; and large discrepancy in predictions between
two theories exists with the increasing of plate thickness, E/σ0, and c in the Ramberg–Osgood relations. Simple calculations
of the equivalent strains show that all results obtained by the deformation theory should be valid data since the small
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Fig. 3. Convergence study.
b
a
Fig. 4. Buckling stress factors σchb2/(π2D) for SSSS square plates under uniaxial load in the x-direction (Fig. 4(a)), equibiaxial load (Fig. 4(b)) (E/σo =
750, v = 0.3, k = 0.25).
deformation assumption is satisfied, however, some data obtained by the incremental theory should not be valid at all since
the small deformation assumption is violated. Apart from the reason reported earlier that deformation theory predicts a
progressively lower in-plane shear modulus as level of plasticity increases thus predicting lower buckling loads, may be
another reason to explain the large discrepancy in predictions for thicker plates by the deformation theory and incremental
theory. In other words, predictions by the two theories are close to each other if the small deformation assumption is not
violated. Similar to cases of thin plates, an optimal loading path also exists with the deformation theory model for thicker
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b
a
Fig. 5. Buckling stress factors for the SCSC square plate. (E = 72.4 GPa, v = 0.32, ks = 3.94× 1021, n = 10.9).
plate, but no such optimal loading path exists for the incremental theorymodel. Tominimize the computational effort in the
DQ solution to elastoplastic buckling problems, the developed strategy of special matrix [17,23–25] may be tried. However,
this is another subject to be investigated in the future.
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